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ABSTRACT. The aim of this paper is to examine some limits related to the
Laplace transform of the Brownian motion before its first hit to a linear
boundary.

1. Introduction. The importance of the Brownian motion is due to
its wide use in many scientific areas as well as its large applicability in different
practical tasks. There are many studies devoted to the problem of its first hit
to some boundary — see for example [8, 3, 6, 9] Also, some two-sided tasks are
discussed in [1, 7, 10].

We are interested in some limits of the form Tlim TR [eeBT} restricted
— 00

on the sample paths at which the Brownian motion still does not hit a linear
boundary. This term is related to the moment generating function of the normal
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Fig. 1. Illustration of the problem

distribution. Also, we consider an additional restriction only at the moment T
by another linear function. We can proceed in two manners using the symmetry
of the Brownian motion. First, we may examine only upper-hitting tasks and
arbitrary constant 6. Alternatively, we may assume that 6 > 0 and consider
both lower and upper hits. We chose the second scheme. We illustrate our task
for an upper-hitting problem by Figure 1. A trajectory that stays below the
boundary b (t) = bit + b (red line) till moment 7" = 10 is plotted by blue color.
Thus, we take the expectation over all such sample paths and search for the limit

Tlim MR /BT B,<b(t), tG[O,T]]- In addition, let z (¢) be another linear function
— 00

that is below b (t) for large enough values of ¢ — we plot it by a green dashed line.
The second our task is to obtain the limit imposing the additional condition that
the value of By is larger than z (T), i.e. to fall in the red part. Thus the limit we

search turns into Th—I>I<1>o e*TE [eGBTIBt<b(t) v t€[0,T], BT>z(T)] . Note that we do not

restrict the sample paths to stay in the strip between the green and red lines but
only the Brownian motion’s value at the terminal moment 7" to be above z (7T')
(of course below b (T') too).

The derived results are inspired by the area of financial mathematics.
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The famous Black and Scholes [2] model presents a financial asset as a geometric
Brownian motion and thus the term 27 arises. In this light, the obtained limits
are useful for evaluating different American-style financial instruments as well as
the popular barrier options — European or American. More precisely, these results
are important for the so-called perpetual derivatives which are written without
maturity constraints — mathematically, this means 7" = co. For example, in [12]
are considered some American-style futures contracts. It turns out that the early
exercise is always optimal for a short-positioned futures if the underlying asset
does not pay dividends — this means that the optimal boundary is infinitely large.
On the other hand, if the dividend rate is positive, then the optimal boundary
exists and it tends to a finite value even though the dividend tends to zero. This

discontinuity appears because a term of the form Tlgrolo TR [eGBT I, <b(t), tefo,T]
2

has a discontinuity at the point ¥ = ——. Other similar applications can be
found in [11] where some power payoffs are considered. Last but not least, the
results for the limit lim ¢*'E [eGBTIBKb(t) v t€[0,7], BT>z(T):| are important for

T—o0
option pricing since the underlying asset is restricted by the strike. Thus the

function z (t) arises.

2. Some lemmas. Let B; be a Brownian motion under the natural
filtered probability space (2, F,IP, F;). Let ¢ be the first hitting moment of the
Brownian motion to the linear function b (¢) = byt + by. We shall denote by N (+)
the cumulative distribution function of the standard normal distribution. We
need the following theorem whose proof can be found in [9, Theorem 3.2].

Theorem 2.1. If by and 0 are arbitrary real numbers, by > 0, and z <
b(T), then

(2.1)
V(0,2 T5b1,b) = [P I o | =

b(T) —T0Y _  (2=10
- e (1) fegwf@)(w)) v (Mt

If z> b(T) and by < 0, then the symmetry of the Brownian motion leads
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to

(2.2)
V(0,2,Tb()=E [6GBTIBT<Z,<>T] =

2=T0\ . (b(T)-T9
~ exp (T_92> Negb2(£) 2N év,z<n>\/f2b2>> N (b(T) _\/TTH - 2b2>)

2
Proof. The proof of formula (2.1) can be found in [9, Theorem 3.2]. Let
us turn to formula (_22) Let a new Brownian motion be defined as the opposite
of the original one, B; = —B;. The stopping time ¢ can be viewed as the first hit
of By to the function b (t) = —bit — by. We prove the desired result using formula

(2.1) and having in mind F [eGBT IBT<z,g>T} =F [e‘gET Ig - . C>T] . Note that
formula (2.1) holds for an arbitrary real number § and N (—z) =1— N (x). O
In the first case (b2 > 0) the boundary is above the initial point of the

Brownian motion, whereas it is below when by < 0.

Corollary 2.1. Let z (t) = z1t + 22 be another linear function, that sat-
isfies the conditions:

1. If by > 0, then z1 < by. In addition, if z1 = by, then z9 < bs.

2. If by <0, then z1 > by. In addition, if z1 = by, then zo > bo.

Expectation (2.1) for z = z(T') can be rewritten as

E |ePT1 BT>z(T),<>T}

2
(7%1+b10)T b ,
e _ys _ 2bo (y—b2)
=7 e e Yb1 9)<1—e T )dy.
s
(z1=b1)T+z22

Note that if zy = by, then

b
2 b (y—b)
(2.3) 0 < lim T/eg_Tey(ble) (1 _ T ) dy < oo.

T—o0
z2
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Proof. We have

(24) ME [eGBT IT<§,BT>z(T)]

() [N <(bl _o)VT+ b_2> N <(zl —OVT + ﬁ)}

VT VT
e ( 7) = ( 7))
- N((b—OVT ——)-N - O)VT + .
(& (& ( 1 ) \/T (Zl ) \/T
Using the change of variables
(2.5) y:xﬁ—mlT@)x:ml\/T-i-L

sk

for my = by — 0, we derive for the first term

()T [N ((b1 —OVT + %) ~N ((z1 —O)VT + %)]

by
02 (b1 Q)ﬁ VT
€(k+ S )'1

2
- e~ 2 dx
2 /

(Zlfe)\/f#’%

(2.6) PREAYS bo
_ L) / (oot )
\V2rT
(z1=b1)T+22
e y
e ot e u(ti=0) gy
\V2rT

(z1=b1)T+22

Let us turn to the second part of formula (2.4). The change of variables u = y+2bs
in addition to the one used above leads to

€(k+§)T€2b2(9_bl) [N <(b1—9)\/_ - %) -N ((21 —O)VT + 2 \;j_%bgﬂ

(kJr%)T 2bo (0—by) —b2 2
_ ¢ ¢ 3 (o-0vTH ) a
(2.7) 2T
(21—b1)T+2z2—2b2
it
(k‘—7+b16)T by ,
S e_;_Te_“(bl_a)eQbﬂliLf_b?)du.
27T

(Zl —by )T+ZQ



188 Ts. S. Zaevski

Combining equations (2.6) and (2.7), we derive

(7
ME |e BTIT<<,BT>z(T>}

(kféerlG)T b ,
e —e / eigiTefy(blfe) (1 — 62b2(:”;’7b2)> dy
2nT
(21=b1)T+22
bo (y—bo) 2by (by —
Restrictions (2.3) hold because (1 _ TR ) tends to zero as % for

T — oo and the term e 27 — 1 in the integral domain which is finite when
z1=01. 0O
Suppose now that the conditions of Corollary 2.1 hold, z; < b1, and

- - —b
zg9 > by. Let us denote by t the root of b(t) = 2 (t), i.e. t = 2772 We can

rewrite expectation (2.1) for T' >t as

E |:60BTIBT>Z(T),C>T:| =E [E [GQBTIBT>Z(T),C>T‘ ]:EH

(2.8) o(?)
= / Et’u |:69BTIBT>Z(T),Q>Ti| dP (Bg < y) .

—00

The notation E“* above means the expectation under the assumption that the
Brownian motion has a value u at the moment ¢.

We shall prove now several lemmas — later we shall use them to prove our
main results.

Lemma 2.1. If the constant m is positive, then

1 m? -m? 1
. N (—m) <e 2

—c€ — <
V2 m2+1

myV2r

Proof. The lemma follows a well-known result for the Mills ratio for
x > 0, proven in [5],
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m
Lemma 2.2. If the constants my and mo are positive and T > —2, then
my

1 2
exp <—§ <m%T + %))

(29) <N <—m1ﬁ+ %) _ gmma <_ml\r . %>

2T mge™™2 1 9 m3
22 M e (== (m2r+ 22,
T miT? —m3 P < 2 <m1 T

Note that the first term is positive for large enough values of T.

the following inequalities hold

2T mge™™? 7 3m3IT? + mj}
m m3T? —m3

L (i)’

Proof. We have

N (—mlﬁ—i- @) — eZmima |y <—m1\/—— m)

VT VT
[ o [ee]
_ L e*%dx — g2mima eféda:
V2T
Zﬂlf—% m1\/T+m—\/%
1 7 _(mly_%f mo
= —2 e 2 mi + ? dy
V2T
VT
(2.10)
00 (m1y+m)2
—e2mma / e 7 <m1 - ﬂ;) dy
VT
o m%y2+m§y_2
2 myms e 2
= ;e mo 7 dy
VT
1
L
2 mam 3 _m%272+m%z2
=4/ —e"M2my e 2 dz.
™
0
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We have used above the changes of variables

m2
T =my— —
Y
m2
r=my+
Y
1
y=-.
z

Let M7 and M5 be defined as My = m% and My = m% We need the following
derivatives before to continue

Miz2 4+ My22\' M
<_12—2> :Z—;—MQZ

< 2 )’ o Moz* +3M
— =z
My — Maz4 (M — Myz4)?
23 3\’
3SMyz ™4 4 My) |
(( 127 M) <M1 —Mgz4> >

4

z
=3 —"— ) (M22% + 10M Myz* + 5M?) .
3<M1+M2z4> (M2 4+ 10M12y2" + 5M7)

Applying twice integration by parts in formula (2.10) having in mind the restric-

m
tion T > —2, and using derivatives (2.11), we derive
m1

1
1 VT
23 _My2m?4My2? | VT 9 M224+3M1 _ My T2 My2?
— M M 46 2 — yA —426 2 dz
1 — Maz 0 4 (My — Maz*)
1
T
T M T+MyT ! 9 M224—|—3M1 Mz 24 MyR?
(212) = ——F5——~¢ 2 - [ e 2 dz
MlT - M2 5 (Ml — M224)
VT M T+MpT !
2

T MT? - M,
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ﬁ
_ /22 Mgz4—|—3M1 23 d(@_M1222+M222>
4 (M1 — M224)2 My — Myz*
B \/T _M1T+12\/12T*1
~MT? - M€
%
T
. (3M 4 —I—M) 2’73 3d 6_M1z*22+M222
! 2)\ My — My2?
0
\/T _M1T+12\/12T*1
= —°¢
MT? — Mo
1
23 3 My 224 My2? VT
— BMyz+ My) [ —F—— ) e 2
( 127~ + 2) <M1—M22’4> e 2 O
ﬁ 2 2 4
Mz~ “4+Moz z
3 e =2 (| —— ) (MZ228+10M Myt +5M2) d
* /e ’ <M1+M2Z4> (M= + 1M M) d
0
T -1 M{T? + M.
(2.13) > #e—MlTHQMQT [1 —T31—+22} )
MIT _M2 (M1T2 —MQ)

We prove the second inequality in (2.9) combining equations (2.10) and (2.12).
The first one is a consequence of inequality (2.13). O

Lemma 2.3. The following statements hold.

2
1. If k>0, m<0, and k > m—, then lim TN (mﬁ)

2 T—o00 oo
2
2. If k>0, m<0, and k < mT, then Tlim TN (mﬁ) =0.
— 00

Proof. These statements follow Lemma 2.1. O

Lemma 2.4. If m; < 0 and mo > 0, then

2
1. If k< %, then

TlggoekT [N <m1\/T+ %) — eZmmz <m1\/_— ﬂ)] =0.
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2
92 Ifk > % then

T [N (m JT 4 ﬂ) _ 2mma (m VT 2)} .
To3o0 ! VT ! VT

Proof. The results follow Lemma 2.2. O

2
Lemma 2.5. If my <0, mg >0, k > %, C >1, and D > 0 then

+D
214)  lim T |N [ mvT + 22
(2.14)  lim e [ <m1 T

—CePmmz v (mlx/_— mQ\/_TD>] = —0o0.

Proof. We shall establish first the result for D = 0. We can rewrite
equation (2.14) as

i 7 [ (T T2 ety (m T - 72 )]

== VT VT
e ) oot 3)
)

Lemmas 2.1 and 2.2 show that the terms above are constrained by terms of type

2 2
)T A DT A
e( 2 ) L and e( 2 ) —2, respectively, for large enough values of T'
VT T

and some positive constants A1 and As. Thus the whole limit behavior is

mi
(=)
(&

o A= (€= 1) AT,

which tends to minus infinity since C' > 1.
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Suppose now that D > 0. We can rewrite equation (2.14) as

D —D
lim e*T [N <m1\/T+ mae + > — Ce?mm2 Ny (mlx/—— 2 )}

T—o00 ﬁ \/T
[ 235 et 25)
{7 [ (mivT 4 72) < ey (T - 72 )]
s ) 5]
e [ 252) s 7).

i ot [y (7 22) iy (2]

We shall denote by I, I», and I3 the three components above. The limit of Iy
is minus infinity because we have already proved the lemma for D = 0. Let us
consider the term 5. Changing the variables as in (2.5), we derive

D
Ig::N<m1\/T—|—m2+ >—N<m1\/f+ﬂ>

VT vT
m1ﬁ+m\2/;D
= / eiédaz
miVT+22
1" (e )
:ﬁ e 2 dy
mo
ef% ma+D L .
— 7T e 2Te MY dy.

ma2
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Analogously, using in addition the change u = y+2mqy < y = u— 2ms, we obtain
for Ig

fom s [ (i 4 2520 o (- 2]

VT VT

7m%T —m2+D 9

e 2 _ye
:62m1m27 e 2Te mlydy

vT

—mo
_m_%T ma+D 5 9
e 2 _ut —miy 72m2 umso
= e 2Te e T du.
vT
m2

We can observe that I3 > I because mo > 0 and u > mo. Having in mind that
C > 1 and I3 > 0, we conclude Is — CI3 < Is — I3 < 0. We finish the proof
combining this inequality and the limit Ylim I =—00. 0O

—00

3. Main results. We shall obtain now the results for the expectation
E |:€9BT IT }
<C|-

Theorem 3.1. Let 0 be a positive number, b(-) be the linear function
b(t) = bit + ba, ¢ be the Brownian motion’s first hitting time to it, and k be an
arbitrary constant. The following statements hold.

1. If {by = 0}, then lim TR [eeBTIT«] =0.
T—o0

T—o00

92
2. If {52 #0,k < _E}’ then lim ¢*TE [eGBTIT<C] =0.

92
3‘ [f b? # 0, bl = H,k == _5}, then hm €kTE |:eGBTIT<C] = 0

T—o00

T—o0

92
4. If {52 #0,b =6,k > —5}, then lim ¢*TE [eeBTIT«] = 00.
5. If{

92
by >0, by <0, k= _E}’ then lim ¢*'E [eaBTIT«} =0.

T—oo
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o

=
(=
[\V]

T—oo

92
>0, b1 >0, k= _E}’ then lim ¢*TE [e‘)BT IT«} =1 — 22(0-01),

~

=
S
Do

T—o00

2
> 07 bl > 9, k> —%}, then lim ekTE [SQBTIT<<:| = 0.

62 b2
8. If {bQ >0, by <6, -5 < k< 51 — 9b1}, then TlggoekTE [eeBTIT«} = 0.
b2
9. If $by >0, by <0, 2 —0b; <k, then lim e*TE |e"PTIp | = c0.
2 T—o0 <
92 - -
10. If {bQ <0, by >0, k= _E}’ then TlijréoekTE _eeBTIT<C_ = 0.
92 - -
11. If {52 <0, b1 <0, k= —5}, then lim TR | PP [ | =1 — 22000,
— 00 L J
92 - -
12. If {bQ <0, by <6, k> _E}’ then TlijréoekTE _eeBTIT<<_ = .
62 b2
13. If {52 <0, by >0, -5 < k< 51 — Hbl}, then Tli_r}réo TR [eGBTIT«} =0.

T—oo

b2
14. If {bQ <0, by >0, 51 —0b < k} then lim ¢*'E [e‘)BT IT«} = 0.

Proof. We shall discuss point by point all cases, paying special attention
to a potential discontinuity at zero. If by > 0, then formula (2.1), applied for
z = —o0, leads to

(31) E [eeBTIT«}

— exp <T792> [N <b(T)T;T9> _ 2ba(0-b) (b(T) _\/TTH — 2@)] ‘

Otherwise, if by < 0, then formula (2.2), written for z = oo, leads to

(3.2) E [egBTIT«}

con () () (402
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1. The first statement holds because ( = 0 at every sample path when b, = 0.
Note that the arguments of the normal CDF's in formulas (3.1) and (3.2) are
equal, which confirms that the limit is zero.

2
2. If $bo A0,k < ECHE then the limit is zero because the exponent in formulas

(3.1) or (3.2) tends to zero and the other term is finite.

92
3. We see that both exponents in formulas (3.1) or (3.2) vanish, because k = 5

and by = 6. Also, the arguments of the normal CDFs tend to zero because
by =20.
92
4. Suppose that {bl =0,k > —E} and by > 0. We have indeterminacy of the
92
kind infinity multiplied by zero. Notating d = k+ 5 using formula (3.1), and

ba .
S ——, we derive

changing the variable y = T
2

€kTE |:€GBT IT<§:|

— eT(k+§) [N (b(T)TZ_”TH> _ 22(0-b1) <b(T) —\/7%9 — 2b2>}

()

2¢Td / 203
= m/ ¢ e de.
T 0

We can see that the integrand tends to one when 7' — oo and thus the whole
integral tends to one. This proves that the limit is infinite since d > 0. The
statement can be proven in the same way when by < 0 by the use of formula
(3.2).
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5. The limit is zero because the exponent in formula (3.1) vanishes and the ar-
guments of the normal CDF tend to minus infinity.

6. This statement holds because the arguments of the normal CDF now tend to
plus infinity.

7. The arguments of the normal CDF tend again to plus infinity and thus

b(T)-T6 s (0—b1) nr [ 0(T) —T0 — 2by 203 (0—b1)
(3.3) N<7 _2(0-b) 1= 2e(0=by),
VT VT

92
which is strictly positive. Therefore, the whole limit is infinity since k > -3
Note that limit (3.3) is zero when by = 0 or by = 6 — we have a discontinuity
in these points.

8. Note that the arguments in the normal CDFs tend to (b; — 6) VT. We derive
the desired result using the second statement of Lemma 2.3.

9. The result follows the second statement of Lemma 2.4.

The rest of the limits can be derived in the same manner using formula
(3.2) instead (3.1). O

Theorem 3.2. Let us have another linear function z (t) = z1t + 22 in
addition to the assumptions of Theorem 3.1. It has to satisfy the following con-
ditions:

1. If by > 0, then z1 < by. In addition, if z1 = by, then z9 < by.
2. If by <0, then z1 > by. In addition, if z1 = by, then zo > bs.

Under these assumptions, the statements 1-3, 5 and 10 of Theorem 3.1
applied to the limit lim " E eeBTIT<C,BT>Z(T) hold. The statements 8, 9, 13,

T—o00

and 14 are similar, but the critical value at which the limit changes from zero to
2 2

b
finity is I 210 instead = — b10. The fourth, sizth, seventh, eleventh, and
twelfth cases are devised into the following sub-cases:

4.1 Ifbs #0, z1 <0 =by and —g < k, then

Thféo SR [eaBTIT<C7BT>Z(T)] = 00.
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4.2

4.3

6.1

6.2

6.3

7.1

7.2

7.3

[be 7&0;

[be 7&0;

If by > 0,

If by > 0,

If by > 0,

If by > 0,

If by > 0,

If by > 0,

Ts. S. Zaevski

0 bf
71=0=0b and—§<k§§—blﬁ, then

Jim_ "R [eaBTIT<§,BT>z(T)} =0.

b2
71=0=0b and;l—b10<k:, then

TlE};O ekTE |:€GBTIT<§,BT>2(T)] = 0OQ.

92
21 <0 <by, and k = 3 then

Tlgréo TE [eOBTIT<g,BT>z(T)] =1 — (0=t

92
z21=0<by, and k = -3 then

(1 _ ezm(a-m)) .

DN | =

Jim. TR [eeBTIT«’BTN(T)] -

92
0 <z <by, and k = 3 then

Tlglgo ekTE |:€0BTIT<C,BT>Z(T):| =0.

0
z1 <0 <by, and —3 < k, then
: kT 0B _
Tlgroloe E [e TIT<(,BT>Z(T)] = 0.

0 22
0<z1<b and—§<k§§—z19, then

Tlfgo HTR [eGBTIT«’BTN(T)} =0.

2
<z <b and%—219<k, then

Thféo SR [eaBTIT<C7BT>Z(T)] = 00.
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92
11.1 Ifbe <0, 21 >0 > by, and k = 3 then

Jim MTE [P I o] =1 - 0.

92
11.2 If bo <0, 21 =0 > by, and k = 3 then

(1 _ €2b2(97b1)) '

N =

lim B [P Iy gy )| =

92
11.3 If bo <0, 0 > 21 > by, and k = 3 then

Tlgréo HTR [eeBTIT«’BTQ(T)] =0.

0
12.1 If by <0, 21 > 0 > by, and —5 < k, then

. (7
Tlgréo €kTE |:6 BTIT<§,BT>Z(T)} = OQ.

2
12.2 Ifby <0, 0 > 2, > by and —g <k< ’%1 — 210, then

Tlgréo HTR [eeBTIT«’BTM(T)] =0.

2
12.3 If by <0, 0 > z1 > by and %1 — 210 < k, then

Tlglgo ekTE |:€0BTIT<C,BT>Z(T)} = 0Q.

Proof. Having in mind the assumptions for the coefficients z; and zs,
we prove the statements 1-3 and 5 using similar arguments as in Theorem 3.1.

Let us consider the fourth case. The sub-case 4.1 is obvious because the
second part in the limit vanishes when 2z; < 6. The results in cases 4.2 and 4.3
follow inequalities (2.3) and the whole Corollary 2.1.

The difference in the sixth statement arises from the inequalities 6 < by
and z; < by — thus we need to position z; w.r.t. 6.



200 Ts. S. Zaevski

Let us consider the seventh case. The result for z; < 6 is obvious. Suppose
now that 6 < z; < by and 29 < by. We rewrite expectation (2.1) as

) ()

T6* z— TH —2b
E eeBTIBT>Z(T),<>T] = exp <T> +202(0-b1) ( 2)
(o)

N<(0—b1)ﬁ+%> _

b
_2ati=0) ( 0— b)) VT — —2>
_ €2b2(0—b1) exp <T92> ( 1) \/T

(3.4)

%A

2/ N ((9 — ) VT + 26%’”)
ety ((9 )T - %) _

0
If z1 = b1, then the desired result follows Corollary 2.1. If z; < b7 and —3 <
2

k< 51 — 210, then we obtain the limits using the second inequality of Lemma
2

2.2. If %1 — 210 < k, we apply Lemma 2.5 for my = 0 — 21 < 0, mo = by > 0,
C = e22(bi—21) 1, and D = by — 29 > 0. If 29 > by, we use presentation (2.8).
For cases 8 and 9 we use the original presentation (2.1) instead (3.4) since
b1 < 6. The results can be obtained in a similar to the case 7 way via Corollary
2.1 and Lemma 2.5.
Some symmetrical arguments prove the desired results when b; < 0. O
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